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Abstract. In various industries for the manufacturing of parts (workpieces) from sheet metal 
the CNC machines for thermal cutting (laser/plasma/gas cutting) are used. During process of 
thermal cutting, various deformations of the metal can occur, that cause the distortion of the 
geometric forms and sizes of the cut parts. These distortions are caused both by the uneven 
distribution of temperature in the sheet, and by certain geometric characteristics of the cutting 
process. Geometric characteristics are determined by the set sequence (order) of cutting of 
figured parts, as well as by selecting the piercing points of sheet material, i.e. the places of 
inserting the tool into the material. Previously, the authors formulated heuristic geometric 
rules, that allow reducing the value of geometric deformations of parts produced by the CNC 
cutting machines. To comply with these rules, users of Computer-Aided Design (CAM) 
systems that are used to generate NC programs, have to use interactive design methods. One of 
these rules (so-called "Part Hardness Rule") refers to the selecting the location of points for 
inserting (piercing) a CNC machine tool into the material. The paper describes a model based 
on the use of the heat conduction equation, which makes it possible to calculate the 
temperature of the sheet material at each moment of cutting process. The computational 
experiments showed that the points, which according to the "Part Hardness Rule" can’t be used 
for piercing, have a higher material temperature than the points that satisfy this rule. In the 
paper the results of the computational experiments are given. Another rule (socalled "Sheet 
Hardness Rule"), which also reduces the deformation of the material during thermal cutting, 
refers to the order of parts cutting from the sheet. A heuristic algorithm that automatically 
generates the order of cutting parts that satisfy the rules of "Part Hardness" and of "Sheet 
Hardness" is developed. Developed software allows us to abandon the interactive methods of 
the NC programs generation for the thermal cutting of figured parts on CNC machines. 
1. Introduction  
Development of NC programs for the CNC sheet cutting machine includes two main functions 
(procedure): 
1) Nesting: the placement of figured parts onto plate;   
2) The tool path routing and choosing the tool path components.  
Both procedures have to execute according to some technological constraints and optimization 
criteria (Nesting problem [1-2], Tool path problem [3]). In this work we are discussing the second 
problem. The basic components of tool path are showed on Figure 1.  
    Usually in non-series production for the manufacturing of parts (workpieces) from sheet metal the 
CNC machines for thermal cutting (laser/plasma/gas cutting) are used. During process of thermal 
cutting, various deformations of the metal can occur, that cause the distortion of the geometric forms 
and sizes of the cut parts. Figure 2 shows an example of distortion of the geometric forms and sizes of 
the long rectangulare plate.  
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Figure 2. An example of the geometric forms and sizes distortion 
 the long rectangular plate produced by CNC flame cutting machine 
    The distortions are caused both by the uneven distribution of temperature in the sheet, and by 
certain geometric characteristics of the cutting process. Geometric characteristics are determined by 
the set sequence (order) of cutting of figured parts, as well as by selecting the pierce points of sheet 
material, i.e. the places of inserting the tool into the material. Previously, the authors formulated 
heuristic geometric rules, that allow reducing the value of geometric deformations of parts produced 
by the CNC cutting machines, are described in [4-5]. To comply with these rules, users of Computer-
Aided Design (CAM) systems that are used  to generate NC programs, usually use interactive design 
methods. One of these rules (so-called "Part Hardness Rule") has been formalize  [6-7] (see Figure 




Figure 3. Illustration  of „The Part Hardness Rule” 
    In [8] next Hypothesis is formulated: If the piercing and the zone of the completion cutting (a 
Hardness area) are satisfies the Part Hardness Rule then the temperature of the material in the 
Hardness area is lower than at using of the bad piercing. To test the hypothesis, the special software 
has been developed that makes it possible to calculate the temperature of the sheet material at each 
moment of cutting process. 
 
2. Modeling of the thermal fields calculating and computing experiments 
For each contour of parts in succession we consider the problem of finding the temperature ),( xt  ( t  
- time moment, x  - point in the region), satisfying the following conditions: 
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t  lies in the interval  ],[ 10 tt ,  x  is a point in the region 	
3R
 . 
    Here, 0t  and 1t   are, respectively, the starting and ending time of contour cutting, 	  is the part of 
the plate left after the removal of all the regions bounded by the previous contours, 	  is the 
boundary of region .  
    Here, c  is the specific heat per unit mass,   is the density, k  is the thermal conductivity, ),( xtN  
is the density of heat source, M is the heat transfer coefficient, )(0 x  is the current temperature field 
prior to cutting a given contour, *  is the air temperature. The density of heat sources N  is as 
follows. Let p = w/( )2hr  be the power density of the heat "ray" and m(t) is the position of the heat 
"ray" axis at time t. Then ),( xtN  = p at the points lying from the line m(t) at a distance smaller than r 
and 0 at the remaining points. 
 
Approximation to the problem:  
The process of recalculation of the temperature field  ),( xt  during contour cutting is split into small 
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where ),( 10 xtr   ),()( 1 xtNxN r . 
    The region 	  is split into tetrahedra, the functions )(),(),( 0 xNxx   are piecewise linear, they are 
determined by their values at the knots (vertices of tetrahedra). 
The solution of this problem delivers the minimum to the following functional  


















    The minimum of this functional is searched by the relaxation method [9]. The choice of this method 
is based on the following considerations. 
    The radius r of the "heat ray" is small, and hence any tetrahedron of the partition must have a small 
size (in calculations the side length was 2 mm) and hence their number is very large. The temperature 
still has the original value at the knots located far from the points already visited by the "heat ray" and 
where the heat change could not reach by the given time instant. The relaxation method allows one to 
skip such knots, which reduces the running time. 
    Remark. To decrease the number of tetrahedra (knots) in designing the cuts of the successive 
contour iK  one considers not the entire plate, but rather a piece 1		 ii .   
A piece is supposed to be sufficiently large in order that the temperature outside i	  would not change 
by the time of completion of cutting of contour iK . Once the cutting of the contour is complete, the 
tetrahedra inside the contour are thrown away, their total number becomes smaller. Next, mesh is 
enlarged until we reach the next piece 1	i . 
    Specialized FEM-module was developed based on the above mathematical model. Using it, a 
number of numerical experiments were conducted with the following parameters: sheet size 1000 x 
1000 mm, beam diameter 2 mm, beam power 1500 W, cutting speed 10 m/min. Figure 4 shows the 
difference in average temperature in the hardness area while cutting the last of eight parts in case of 
selecting pierce point in compliance with part hardness rule (b) and (a) in disagreement with that rule. 
Temperature difference is about 120 degrees. 
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Figure 4. Thermal distribution evaluation according to the part hardness rule 
 
3. Results and discussions 
18 numerical experiments were conducted with different initial nestings and cutting orders. Obeying 
the part hardness rule always leads to decrease in average temperature in the part hardness area. 
Average temperature decrease was about 63%. Next two examples illustrate results. 
 
An example 1 
 
Figure 5. Average temperatue decreases from 309 degress (left; pierce point position not 
complying to the part hardness rule) to 120 degrees (right)
An example 2 
 
Figure 6. Temperature decrease from 550 degrees (left) to 130 degrees (right) 
 
4. Conclusions 
It has been shown that analysis of temperature fields during thermal sheet cutting on the CNC cutting 
machine can be used as additional consideration for tool path optimization in order to decrease thermal 
deformations. The results obtained are in good compliance with empirical “part hardness rule”. 
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